Recently, it has been proved that a nonlinear quantum oscillator, generalization of the isotonic one, is exactly solvable for certain values of its parameters. Here we show that the Schrödinger equation for such an oscillator can be transformed into a confluent Heun equation. We give a very simple and efficient algorithm to solve it numerically, no matter what the values of the parameters are. Algebraic quasi-polynomial solutions, for particular values of the parameters, are found.
Introduction
Two years ago, Cariñena, Perelomov, Rañada and Santander [1] considered a quantum oscillator, intermediate between the harmonic and the isotonic ones, whose Schrödinger equation reads
The interest of those authors on that problem lay on the fact that, as they proved, it is exactly solvable for certain values of the parameters, namely, g = 2, and ω and a such that ωa 2 = 1/2. Very recently, Fellows and Smith [2] have shown that this particular case of generalized isotonic oscillator is a supersymmetric partner of the harmonic oscillator. This fact has allowed them to reproduce the results of Ref. [1] in a very concise and elegant manner, and even to construct an infinite set of oscillators, with potentials approaching that of an isotonic oscillator as x → ∞, all of them being partners of the harmonic oscillator and, therefore, exactly solvable. Related also to the generalized isotonic oscillator of Cariñena et al., another class of exactly solvable problems has been obtained by Kraenkel and Senthilvelan [3] . They have used point canonical transformations to convert Eq. (1) into a Schrödinger equation with a position dependent effective mass, which, with adequate mass distributions, may represent different problems encountered in semiconductor physics. On the other hand, in view of the considerable progress in the synthesis of artificial quantized structures, a great variety of shapes for the potential wells and barriers are easily feasible and it seem plausible to see generalized isotonic oscillators as possible representations of realistic quantum dots.
The rising interest on generalizad isotonic oscillators has lead us to try to contribute to a better understanding of their main features. Dealing with Eq.
(1) without any restriction, apart from the trivial ones
about the values of the parameters, we have found that a very natural change of variable transforms it into a confluent Heun equation (CHE). Then, the energies E can be easily obtained as the zeros of a function defined by a continued fraction. Of course, the results of Ref. [1] are reproduced by our procedure. This allows us to relate, by a continuous variation of the parameter g, the energy levels of the harmonic oscillator (g = 0) with those of the generalized isotonic oscillator. Besides this, quasi-polynomial (i. e. product of a rational function times an exponential times a polynomial) wavefunctions appear for specific energy levels and particular values of the parameters ω, g and a, different from those considered in Ref. [1] . In Section 2 we transform the Schrödinger equation (1) into a CHE. To solve it, we propose an extremely simple algorithm that allows us to obtain the eigenvalues and the eigenfunctions with a great accuracy. Results of that algorithm are shown in Section 3. quasi-polynomial solutions of the Schrödinger equation are obtained in Section 4. The relation of the polynomials found by Cariñena et al. [1] with confluent Heun polynomials is discussed in Section 5. Some final comments are added in Section 6.
A confluent Heun equation
Equation (1) presents two regular singular points, at x = ±ia, and an irregular one of s-rank 3 at infinity. (Along this paper we adopt the definition of s-rank of an irregular singular point given in Sec. 1.2 of the book by Slavyanov and Lay [4] .) Taking advantage of the symmetry of the potential, the number and/or rank of the singularities can be reduced by a very natural mapping, namely,
In this way, the upper half of the x-plane goes into the whole z-plane and the real axis x ∈ (−∞, +∞), relevant from the physical point of view, is mapped into the positive real semiaxis in the z-plane, covered from ∞ to 0 along the ray arg z = 2π and from 0 to ∞ along the ray arg z = 0. The Schrödinger equation turns into
where the two free parameters ωa 2 and g are assumed to be given, whereas Ea 2 represents the eigenvalues to be determined. That equation has two regular singularities, at −1 and 0, and an irregular one of s-rank 2 at infinity. This suggests to compare it with some one of the various forms of the CHE, which presents the same pattern of singularities. Extensive discussions of the CHE can be found in Refs. [4] and [5] . Equation (3), when written in the form
is an example of CHE in its natural form [5, Eq. (1.1.4)]. The singularity at z = −1, coming from the singularity at x = ia, has indices
The mapping (2) has introduced the singularity (branch point) at z = 0, with indices
which correspond, respectively, to even and odd solutions Ψ(x). The singularity for z → ∞ corresponds to that for x → ∞. It is immediate to check that the two Thomé formal solutions of (3) for z → ∞ behave as
The problem of finding the energy levels of the generalized isotonic oscillator reduces, thus, to determine the values Ea 2 such that the Floquet solutions (series of increasing powers of z) of (3), corresponding to the indices ν 1 or ν 2 , vanish at infinity according to (7) with the minus sign in the argument of the exponential. This is the well known connection problem of the singular points at 0 and at ∞. The presence of the singular point at z = −1 prevents the convergence of the Floquet solutions out of the unit disc. So, a process of analytic continuation would be necessary to find their behaviour for z → ∞. Instead of this, Slavyanov and Lay [4, Sec. 3.6] suggest to carry out a Jaffé transformation consisting in an adequate linear transformation of the dependent variable followed by a Möbius transformation of the independent variable to convert the interval z ∈ [0, ∞) into the interval [0, 1] for the new variable. We have found convenient to substitute
in (3) to get
and then to apply the Möbius transformation prescribed by Slavyanov and Lay
which transforms Eq. (9) into (keeping the same symbol to represent the dependent variable in terms of the new independent one)
to be solved in the interval t ∈ [0, 1]. The energy levels are the values of E such that the "even" (ν = ν 1 = 0) or "odd" (ν = ν 2 = 1/2) series solution
becomes finite at t = 1. Substitution of (12) in (11) gives for the coefficients c n the recurrence relation
where we have abbreviated
The recurrence relation (13) is an irregular difference equation of the Poincaré-Perron type. The procedure suggested by Slavyanov and Lay to solve the connection problem consists in considering the physically acceptable solution of (13) as a linear combination of its two Birkhoff solutions and adjust the value of Ea 2 so as to reach the cancelation of the coefficient of the exponentially divergent one. Instead of this, we have preferred to base ourselves on the algorithms proposed by Gautschi [6] to find minimal solutions of three-term recurrence relations. The crucial consideration is that the solution minimal for n → ∞ turns out to be dominant when the recurrence is used "from tail to head". Bearing this in mind, we write the above recurrence relation in the form
and use it to compute c −1 /c 0 , starting with the approximate value 
which implies c −1 = 0 and, in view of (13), c −2 = c −3 = . . . = 0.
Some results
We have applied the above described algorithm to the determination of the four lowest states of a generalized harmonic oscillator with intensity g varying from g = 0 (harmonic oscillator) to g = 20, for two typical values of ωa 2 , namely ωa 2 = 1/2 and ωa 2 = 2. The results are shown in Figures 1 and 2 . The behaviour of the eigenenergies, as g increases from zero, can be easily understood in view of the probability density of the harmonic oscillator eigenstates and the fact that the additional potential
is negative for |x| < a and positive for |x| > a [1, Fig. 1 ]. For low values of g, the effects on the energy of the positive and negative parts of that potential almost cancel to each other, except for the fundamental state whose density probility concentrates near the origin, where the additional potential is negative. This explains the gap between the energies of the fundamental and the first excited states encountered by Cariñena et al. [1] in the case of ωa 2 = 1/2 and g = 2. As g increases further, the deeper and deeper potential well at the origin makes to decrease the energies of more and more excited states.
For possible numerical comparison with results obtained by other methods, we report ours, for some arbitrarily chosen values of g, in Tables 1 and 2 . The energies of the four lowest states, given with ten decimal digits, have been obtained by using a double precision FORTRAN code. The presence, in Table  1 , of exact values of the energy in the case of g = 2 is not surprising: this is the exactly solvable case discussed by Cariñena et al. [1] . More intriguing are the exact values of E 1 a 2 and E 2 a 2 found in Table 1 for g = 12 and those of E 0 a 2 for g = 20 and of E 1 a 2 for g = 42 in Table 2 . As we are going to show in the next Section, these are also cases of quasi-polynomial wave functions. For those values of the parameters, one could speak of quasi-exactly solvable potentials. The study of the generalized isotonic oscillator done by Cariñena et al. [1] revealed the existence of quasi-polynomial solutions for certain values of the parameters. Specifically, they found that, if the parameters are related in the form g = 2ωa
equation (1) admits a quasi-polynomial solution
N 0 being a normalization constant. It corresponds to the ground state of that generalized isotonic oscillator. More interestingly, they found that if, besides Eq. (17), one has
all eigenstates, of energies
are represented by quasi-polynomial wave functions
the polynomials P m being linear combinations of three consecutive Hermite polynomials of the same parity. The fact that simple analytic solutions of quantum problems, for particular values of the parameters, can serve as a check on numerical calculations was already pointed out by Demkov [7] in his study of the motion of a particle in the field of two Coulomb centers. He found that for certain set of values of the charges Z 1 and Z 2 of the centers and the distance R between them, the wave function becomes quasipolynomial when written in ellipsoidal coordinates.
In order to analyze the possible existence of quasi-polynomial solutions of Eq. (3), it is convenient to make explicit the behaviour of such solutions at the singular points. With this purpose we write
where ρ represents either ρ 1 or ρ 2 , given by (5) and such that
and, according to (6), ν = ν 1 = 0 in the case of even wavefunctions and ν = ν 2 = 1/2 for odd ones. The equation satisfied by Φ(z),
with µ given in Eq. (8) It is possible to write a formal solution of (22) as a power series
with coefficients obeying the recurrence relation
with
Obviously, the series in the right hand side of (23) reduces to a polynomial
the coefficients a n,k being solution of (24), if the two conditions
are satisfied. Assuming that the parameters ω and a 2 are given, the first one of those conditions, gives the eigenenergy
in terms of ρ, whereas the second one determines the values of ρ, and consequently of g, for which the quasi-polynomial (21), with Φ(z) replaced by Q k (z), is a solution. Notice that the second condition (26) can be equivalently expressed as the cancelation of the determinant of a tridiagonal (k + 1)
with µ replaced by k + ν + ρ in the expressions of α m , β m and γ m given above. The left hand side of (28) is a polynomial of degree 2(k + 1) in ρ. One of its roots, for every value of k, is ρ = 0: the pure harmonic oscillator possesses quasipolynomial solutions of every degree. Obviously, conjugate pairs of complex roots may appear, but these are not interesting, in view of the restriction g > 0.
The real roots are easily obtained algebraically or numerically. To illustrate, we report the results obtained in the cases of k = 0, 1, 2 and for the two values of ωa 2 considered in Tables 1 and 2 , respectively.
Case k=0
The first of conditions (26), γ 0 = 0, gives µ = ν + ρ and, in view of (8),
The second condition, β 0 = 0, gives
that, besides the trivial one ρ = 0, has the solution
Even solutions (ν = 0).
In the case of being ρ = −2ωa 2 , i. e. g = 2ωa 2 (2ωa 2 + 1), and for the energy E = (−4ωa 2 + 1/2) ω, one has the quasi-polynomial solution
or, in terms of the original notation,
This is the solution mentioned in Eq. (2) of Ref. [1] . It can be recognized in our Table 1 (ground state for g = 2) and in our Table 2 (ground state for g = 20).
Odd solutions (ν = 1/2).
For ρ = −2ωa 2 − 2, i. e. g = (2ωa 2 + 2)(2ωa 2 + 3),
and energy
one finds the quasi-polynomial solution
or, in terms of the variable x,
Examples of the case under consideration appear in Tables 1 (first excited state for g = 12) and 2 (first excited state for g = 42).
Case k = 1

Even solutions (ν = 0).
Now, from (27), we have E = (2ρ + 5/2) ω .
and, from (28),
For ωa 2 = 1/2 there is a nontrivial real solution
corresponding to an intensity of the additional potential
For ωa 2 = 2 there is also one nontrivial real solution
to which it corresponds
Odd solutions (ν = 1/2).
For energy we have the value E = (2ρ + 7/2) ω .
and for ρ the equation
For ωa 2 = 1/2 one gets three nontrivial real solutions, namely,
with corresponding intensities
For ωa 2 = 2 one obtains also three nontrivial real solutions
The corresponding values of g are obtained by using
4.3 Case k = 2
Even solutions (ν = 0).
The energy is now given by
where ρ is a solution of
For ωa 2 = 1/2, this equation has, besides the trivial solution, two complex and the real ones
, where we have abbreviated 
Odd solutions (ν = 1/2).
We have for the energy E = (2ρ + 11/2) ω , and for ρ
For ωa 2 = 1/2 we obtain three nontrivial real solutions, It is not difficult to see that it corresponds to k = 4, ν = 0, and ρ = −3. The wave function is in this case
that is, in terms of x,
21 a 8 .
The exactly solvable case
In the preceding Section we have found, whenever ωa 2 = 1/2, a quasi-polynomial solution with ρ = −1 for almost every considered value of k and in both cases of even or odd wave functions. There are only two exceptions, namely the case of k = 0, ν = 1/2 and that of k = 1, ν = 0. Although we have not discussed the cases of k = 3, 4, . . ., one can easily check that the same value ρ = −1 appears for ν = 0 and for ν = 1/2 in all cases. This was to be expected, since for ωa 2 = 1/2 and ρ = −1, that is, g = 2, the generalized isotonic potential is exactly solvable [1] . In what follows, we show that the polynomials entering the solutions found by Cariñena et al. are in fact confluent Heun polynomials.
We assume from now on that ωa 2 = 1/2, ρ = −1, and µ = k + ν − 1, k being a positive integer. According to Eqs. (21), (22) and (25), the quasi-polynomial solutions are of the form
that can be written in the form
with the differential operators
Now we try in (37) the sum of confluent hypergeometric polynomials
with coefficients A (ν)
n,k to be determined. According to Eqs. 13.1.1 and 13.4.10, respectively, of Ref [8] , one has
and Eq. (37) turns into
Cancelation of the coefficients of the successively decreasing powers of y in the left hand side of the last equation gives, for k ≥ 2,
in both cases of ν = 0 or ν = 1/2. Substitution of these expressions in (40) gives 
and choose
to get
which are, respectively, the polynomials P 2k and P 2k+1 of Ref. [1] , the variable being
In the above discussion of Eq. (1/2) 0,1 . All this is in accordance with the two exceptional cases of k = 0, ν = 1/2, and k = 1, ν = 0, encountered in Ref. [1] and mentioned at the beginning of this Section.
Final comments
Most of the quantum mechanical problems which admit a simple solution are of the hypergeometric class: the corresponding Schrödinger equation turns, by an adequate transformation, into a hypergeometric or a confluent hypergeometric one. In this paper we have shown that the generalized quantum isotonic oscillator belongs to the Heun class. Other examples of physical problems of this class can be found in Chapter 4 of Ref. [4] .
Up to now, the most appealing feature of the generalized quantum isotonic potential was its exact solvability for certain values of its parameters [1] . The fact, shown in this paper, that it is quasi-exactly solvable when those parameters take particular values spread over a wide range makes it to be especially suited to serve as a workbench to test the accuracy of approximate (perturbative, variational, etc.) methods of solution of the Schrödinger equation.
Quasi-exact solvability of quantum Hamiltonians is closely related to their Lie-algebraic properties [10] . A discussion of this topic with reference to the generalized isotonic oscillator would be necessary, but it lies out of the scope of this paper.
The sequence {P n } arising in the exactly solvable case [1] does not include a linear (n = 1) nor a quadratic (n = 2) polynomials. Therefore, it cannot be used as a basis for an expansion. Similar sequences of polynomial eigenfunctions of a Sturm-Liouville problem have been found by Gómez-Ullate, Kamran and Milson [11] and by Quesne [12] . In the case of the first authors, the sequences does not include the constant (n = 0) polynomial. Quesne has found sequences without the constant polynomial and also sequences without the constant and the linear polynomials. Nevertheless, the first authors have proved that such sequences, which they denominate exceptional polynomial systems, are a basis in their corresponding L 2 Hilbert spaces. Besides, Gómez-Ullate, Kamran and Milson [13] have given an extension of the Bochner's theorem applicable to those sequences of orthogonal polynomials, solution of a Sturm-Liouville problem, that start with a polynomial of degree one. It would be interesting to explore the possibility of an analogous extension of the theorem for sequences of polynomials like that discussed in Ref. [1] , where the absent polynomials are not the lowest order ones.
